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CHM412: SIMULATION AND MOLECULAR MODELLING 

Pr. Julius Numbonui Ghogomu 

1. Introduction 

1.1 Molecular Simulation 

Molecular simulation consists of the computational techniques that compute (calculate) macroscopic 

properties of chemicals and materials from microscopic interactions. 

Macroscopic physical properties can be broadly classified as: 

a) Static equilibrium properties, such as: 

➢ The binding constant of an inhibitor to an enzyme, 

➢ The average potential energy of a system,  

➢ Thermochemical properties, 

➢ Spectroscopic properties. 

b) Dynamic or non-equilibrium properties, such as: 

➢ The viscosity of a liquid, 

➢ Diffusion processes in membranes, 

➢ The dynamics of phase changes, 

➢ Reaction kinetics. 

1.2 Molecular Modeling 

It refers to the general process of describing the atomic and molecular interactions that govern 

microscopic and macroscopic behaviors of complex chemical systems in terms of a realistic atomic 

model. The aim of molecular modeling is to understand and predict macroscopic properties based on 

detailed knowledge on an atomic scale. 

1.3 Modeling versus Simulation 

The general procedure is the same: the manipulation and control of certain observables (inputs), the 

system responds, and then the measurement or computation of other observables (outputs). 

 

 

Modeling and Simulation however, differ from each other as described below: 

➢ In molecular modeling, the model used is simpler than the system it mimics because interactions 

that have little or no influence on the observables being studied are ignored. In other words, a 

model is a subset or subsystem of the original system: outputs from a model will be consistent with 

those of the original system, but only for a restricted set of inputs. 

Manipulate and control 

certain observables 

(Inputs) 

Measure or compute 

other observables 

(Outputs) 

 

SYSTEM 
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➢ In contrast, a simulation is more complicated than the system it simulates: a simulation generally 

can reach many more states than can the original system. A simulation imposes constraints so that 

the simulated output is consistent with the output of the original system, at least for a restricted set 

of inputs. 

1.4 Computational Chemistry 

It is a discipline that uses computational techniques to solve problems of chemical interest. It deals 

with the modeling and the computer simulation of systems such as biomolecules, polymers, drugs, 

inorganic and organic molecules, and so on. 

The uses of Computational chemistry include the following: 

1) It solves complex equations such as those in quantum and statistical mechanics. 

2) It complements theory and experiments by acting as a bridge between them. It provokes, explains 

and even replaces experiments in some cases. 

3) It enables us to investigate (or probe into) cases where experiments are impossible, too dangerous, 

expensive (very high temperature and pressures are required) and blind (some properties cannot be 

experimentally observed on very short time-scales). 

4) It is used for data analysis. 

5) It enables the prediction of the properties of materials including: 

➢ Molecular energies and structures 

➢ Energies and structures of transition states 

➢ Bond energies 

➢ Reaction energies and all thermodynamic properties 

➢ Molecular orbitals 

➢ Multipole moments 

➢ Atomic charges and electrostatic potential 

➢ Vibrational frequencies 

➢ IR and Raman spectra 

➢ NMR spectra 

➢ Circular dichroism (CD) spectra 

➢ Magnetic properties 

➢ Polarizabilities and hyperpolarizabilities 

➢ Reaction pathway 

➢ Ionization potential, electron affinity and proton affinity 
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1.5 Components of Computational Chemistry 

 

Figure 1: The components of computational chemistry 

2. Molecular Simulation and Statistical Mechanics 

In molecular simulation, macroscopically observable properties (such as pressure, temperature, total 

energy, entropy, free energy, heat capacities, chemical potential, viscosity, spectra, reaction rates, etc.) 

are explored using information at the microscopic level, such as atomic positions and velocities. The 

connection between the microscopic and macroscopic properties of an 𝑁-body system is made via 

statistical mechanics, which provides the mathematical expressions that relate these properties. Some 

basic concepts in statistical mechanics are described below: 

2.1 The Thermodynamic or Macroscopic State of a System 

The thermodynamic or macroscopic state of a system is usually defined by a small set of parameters, 

including: temperature (T), pressure (P), volume (V), the number of particles (N), total energy (E) 

and chemical potential (𝜇). Other thermodynamic properties may be derived from the equations of 

state and other fundamental thermodynamic equations.  

The macroscopic state of a system is typically made up of a large number of microscopic states or 

microstates, each of which represents a possible state that the macroscopic system might be in. 

2.2 The Microscopic State or Microstate of a System 

The microscopic state or microstate of a system (also known as the mechanical state) is defined by the 

complete set of positions �⃗� and momenta �⃗� of its particles at a given time. A collection of all possible 

systems having different microscopic states which belong to the same macroscopic or thermodynamic 

state is called a thermodynamic or statistical ensemble. 
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2.3 The Thermodynamic or Statistical Ensemble  

A thermodynamic or statistical ensemble is a collection of a large number of systems sharing one or 

more macroscopic characteristics (such as temperature, pressure, volume, number of particles, total 

energy and chemical potential), but each being in a unique microstate. It provides a way of deriving the 

properties of a real thermodynamic systems from the laws of classical and quantum mechanics. 

Macroscopic systems can be described by the following types of statistical ensembles: 

2.3.1 Microcanonical Ensemble (NVE) 

This is a thermodynamic state characterized by a fixed number of particles, N, a fixed volume, V, and 

a fixed total energy, E. The Microcanonical Ensemble is typically abbreviated NVE, and is used to 

simulate systems that are completely isolated from their surroundings i.e., systems which neither 

exchange energy nor matter (particles) with the surroundings.  

2.3.2 Canonical Ensemble (NVT) 

This is a thermodynamic state characterized by a fixed number of particles, N, a fixed volume, V, and 

a fixed temperature, T. The Canonical Ensemble is abbreviated NVT, and is used to simulate 

thermodynamically closed systems i.e., systems which can exchange energy, but cannot exchange 

matter with the surroundings. 

 2.3.3 Grand Canonical Ensemble (𝝁VT) 

The thermodynamic state for this ensemble is characterized by a fixed chemical potential, (𝜇), a fixed 

volume, V, and a fixed temperature, T. The Grand Canonical Ensemble is abbreviated 𝜇VT, and is 

used to simulate phenomena in which the number of particles change, such as absorption, desorption 

and nucleation.  

2.3.4 Isobaric-Isothermal Ensemble (NPT) 

This ensemble is characterized by a fixed number of atoms, N, a fixed pressure, P, and a fixed 

temperature, T. The Isobaric-Isothermal Ensemble is abbreviated NPT, and is generally used to 

simulate phenomena that occur at constant temperature and pressure, such as phase change.  

2.4 The Partition Function 

Each thermodynamic ensemble can be described by a function known as the partition function. The 

partition function contains all possible thermodynamic information about an ensemble. 

For a canonical ensemble that is classical and discrete, the canonical partition function is defined as: 

𝑍𝑁𝑉𝑇 =∑𝑒−𝛽𝐸𝑖

𝑖

                                                                                              (1) 

where 𝛽  is a constant given by 𝛽 =
1

kBT
 ,  kB  being the Boltzmann constant, 𝑖  is the index for the 

microstates of the system, and 𝐸𝑖 is the total energy of the system in the respective microstates. 
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In a case where a canonical ensemble is classical and continuous, the positions �⃗� and momenta 𝑝 of the 

particles vary continuously such that the microstates of the system are actually uncountable. The 

partition function of such a canonical ensemble containing 𝑁 particles is defined as: 

𝑍𝑁𝑉𝑇 =
1

ℎ3𝑁𝑁!
∬exp [−𝛽ℋ(�⃗�𝑁, �⃗�𝑁)] 𝑑�⃗�𝑁𝑑�⃗�𝑁                                   (2) 

where ℎ is the Planck constant and  ℋ is the Hamiltonian operator of system that can be accurately 

described as a function of the positions (�⃗�𝑖) and momenta (�⃗�𝑖 = 𝑚�⃗�𝑖) of the 𝑁 particles. Typically, 

ℋdescribes the sum of the kinetic energy (𝐾) and potential energy (𝑈) of the particles in the system: 

ℋ(�⃗�𝑁 , �⃗�𝑁) = 𝐾(�⃗�𝑁)  +  𝑈(�⃗�𝑁)                                                                 (3) 

where  𝐾(�⃗�𝑁) =∑
𝑝𝑖
2

2𝑚𝑖

𝑁

𝑖=1

                                                                             (4)   

In equation (4) 𝑚𝑖 is the mass of molecule 𝑖.  

Generally, the macroscopically observed thermodynamic properties of a system, such as total energy, 

internal energy, free energy, pressure, etc., are obtained by computing the partition function or its 

derivatives. 

2.5 Configurations 

Within solids, liquids and gases, atoms or molecules can take on different orientations/arrangements 

called configurations. A configuration is the state of a classical system for which all molecules are 

described by their positions (�⃗�) and momenta (�⃗�). For each particle in a configuration, the coordinates 

�⃗�(𝑥, 𝑦, 𝑧) and momenta (𝑝𝑥, 𝑝𝑦, 𝑝𝑧) are known. 

2.6 Phase Space 

For a classical system of 𝑁 particles, all possible positions (𝑥, 𝑦, 𝑧) and momenta (𝑝𝑥, 𝑝𝑦, 𝑝𝑧) of the 

particles can be accurately described by a 6𝑁-dimensional space called phase space (or Γ-space). The 

complete description of the system requires 3𝑁 positions and 3𝑁 momenta (i.e., 6𝑁 variables):  

�⃗�  =  (𝑞1, . . . , 𝑞3𝑁), 

�⃗�  =  (𝑝1, . . . , 𝑝3𝑁) 

The phase space is the space in which all possible states (microstates) of a system are represented, and 

each possible state of the system corresponds to one unique point, known as a phase point. The phase 

space is essentially a Cartesian space in which all of the 6N position and momentum coordinates of an 

 𝑁-body system are assigned to a 6𝑁-dimensional axis containing 6N mutually orthogonal axes, as 

illustrated in Figure 2.  
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Figure 2: Representation of a phase space  

2.7 Phase Points 

A phase point refers to any one point, 𝑃 = (�⃗�, �⃗�) in the phase space that corresponds to a possible state 

of a system at some instant. A phase point is specified by giving a particular set of values for the 6𝑁 

positions and momenta i.e., it is specified as: (𝑝1, . . . , 𝑝3𝑁 , 𝑞1, . . . , 𝑞3𝑁).  

2.8 Phase Space Trajectories 

A phase space trajectory is a curve formed by the motion of the phase point 𝑃(𝑡)  of a system 

(expressed as a function of time) in the phase space, over a finite time. In other words, a phase space 

trajectory corresponds to the time evolution of a system in the phase space via its microstates. 

For an isolated 𝑁-particle classical system (i.e., a microcanonical ensemble, NVE), the particles move 

in accordance with the Newton's laws of motion, tracing out trajectories that can be represented by the 

time-dependent position vectors �⃗�𝑖(𝑡) and time-dependent momentum vectors �⃗�𝑖(𝑡). The trajectories 

are determined by the classical Hamiltonian equations of motion: 

𝑑𝑞𝑖
𝑑𝑡

=
𝜕ℋ

𝜕𝑝𝑖
                                                                                                  (5) 

𝑑𝑝𝑖
𝑑𝑡

= −
𝜕ℋ

𝜕𝑞𝑖
                                                                                               (6) 

where ℋ is the Hamiltonian of the system given by equation (7): 

ℋ(�⃗�, �⃗�, 𝑡) =∑
�⃗�𝑖
2(𝑡)

2𝑚𝑖

𝑁

𝑖=1

 +  
1

2
∑𝑈{�⃗�𝑖(𝑡) − �⃗�𝑗(𝑡)}

𝑖≠𝑗

                             (7) 

where {�⃗�𝑖(𝑡) − �⃗�𝑗(𝑡)} is the interparticle potential.  

The total energy is conserved i.e., ℋ(�⃗�, �⃗�, 𝑡) = 𝐸 = constant, and all trajectories in the phase space lie 

on a constant energy hypersurface. Generally, for any conservative system, any valid microstate must 

lie on the constant energy hypersurface.  
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Figure 3: A phase space showing a phase space trajectory and a constant energy hypersurface 

2.9 Ensemble Averages 

Based on statistical mechanics, macroscopic observables and properties are usually computed as 

ensemble averages. An ensemble average is computed over all the systems which exist in different 

microstates comprising a statistical ensemble. By considering the canonical ensemble, the ensemble 

average of a given observable or macroscopic property 𝐴 is given by: 

〈𝐴〉𝐸𝑛𝑠𝑒𝑚𝑏𝑙𝑒 =
∫𝐴(�⃗�𝑁 , �⃗�𝑁)exp [−𝛽ℋ(�⃗�𝑁 , �⃗�𝑁)]𝑑�⃗�𝑁𝑑�⃗�𝑁

∫ exp [−𝛽ℋ(�⃗�𝑁 , �⃗�𝑁)]𝑑�⃗�𝑁𝑑�⃗�𝑁
                                (8) 

The observable or property of interest 𝐴(�⃗�𝑁, �⃗�𝑁) is a function of the positions �⃗� and momenta �⃗� of the 

𝑁 particles of the system. The integration is over all possible values of �⃗� and �⃗�. Clearly, knowledge of 

the partition function allows for the calculation of the average values of macroscopic properties.  

The integral in equation (8) is generally very difficult to calculate because one must compute all 

possible states of the system. Moreover, the integrand of the partition function in equation (8) is 

cannot be solved analytically. Indeed, ensemble averages that depend on momenta only are easy to 

evaluate analytically, but those that depend on particle positions are not easily evaluated analytically; 

hence, numerical techniques most be used. The numerical procedure is as described below: 

➢ The integrand is determined at some finite number of phase points. 

➢ The values at these points are fitted into some function that is integrable and then integrated. 

➢ As the number of phase points considered increases, the integral converges to a certain value. 

➢ The process is stopped once the integral reaches a certain level of tolerance. 

Remarks 

1) The phase space is so large that the phase points are many, but most of these points contribute 

almost nothing to the ensemble average. Hence, the integration in equation (8) should be done by 

picking appropriate phase points. This is the essence of the Monte Carlo simulation methods. 
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2) For each particle, there are 6 coordinates i.e., the positions (𝑥, 𝑦, 𝑧) and momenta (𝑝𝑥, 𝑝𝑦, 𝑝𝑧 ), 

giving a total of 6 computations per particle. 

3) Molecular simulation provides a method for sampling the importance regions of a phase space, 

which are the regions where the integrand of the partition function in equation (8) is large. 

4) Two important algorithms are used in molecular simulation namely: Monte Carlo (MC) and 

Molecular Dynamics (MD). 

5) While MD specifies all 6𝑁 points of the phase space, MC samples only the spatial coordinates. 

2.10 Time Averages 

Recall that an ensemble average is computed over all the systems which exist in the different 

microstates of the same macroscopic system. In reality, measurements are made only on a single 

system in which all the microscopic motions are present. However, what one observes is still an 

average, but it is an average over the time of the detailed microscopic motions, called time average. 

Hence, time averages are more directly related to real experiments. 

The time average of some property 𝐴 denoted 〈𝐴〉𝑡 is the average value obtained by following a system 

in its trajectory in the phase space over some very large time interval 𝑡 (where 𝑡 → ∞). 

〈𝐴〉𝑡 = lim
𝑡 → ∞

1

𝑡
∫ 𝐴{�⃗�𝑖(𝑡), �⃗�𝑗(𝑡)}dt

𝑡0+ 𝑡

𝑡0

                                                         (9) 

For large time intervals, the time average remains constant irrespective of the starting time (this is 

known as the Ergodic theory). 

2.11 Ergodic Systems and Ergodic Hypothesis 

A system is said to be ergodic if given a sufficiently long time, it will visit all possible microscopic 

states available to it. A conservative system that is ergodic will visit all points on the constant energy 

hypersurface if given a sufficiently long time. In other words, a conservative ergodic system is able to 

explore all parts of the phase space that fulfill the condition ℋ(�⃗�, �⃗�, 𝑡) = 𝐸 = constant after a very long 

time. The trajectory of such a system will visit all points in the phase space within the constant energy 

hypersurface with equal probability. Non-ergodic systems have parts of the phase space that are 

inaccessible. 

The ergodic hypothesis postulates that if a system is ergodic, the ensemble average of any observable 

property is the same as the time average. Summarily, the ergodic hypothesis states that for an ergodic 

system: 〈𝐴〉𝐸𝑛𝑠𝑒𝑚𝑏𝑙𝑒 = 〈𝐴〉𝑡 for some observable property 𝐴. 
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2.12 The Boltzmann Distribution 

The macroscopic properties of a many-body system are usually based on a probability distribution. A 

probability distribution is a mathematical function that provides the probabilities of occurrence of the 

different possible outcomes of a random event, or of the different values of a random variable. 

In statistical mechanics, the probability distribution that gives the probability that a system will be in a 

certain microstate 𝑖  based on the state’s energy 휀𝑖  and the system temperature 𝑇  is known as the 

Boltzmann distribution. The Boltzmann distribution is typically expressed in the form: 

𝑃𝑖 ∝ 𝑒
−𝜀𝑖 𝑘𝐵𝑇⁄                                                                                                            (10) 

where 𝑘𝐵 is the Boltzmann constant. The exponential dependence of 𝑃𝑖 on the energy means that there 

is a low (but non-zero) probability for finding a system in a high-energy state. Hence, the Boltzmann 

distribution shows that states with lower energies always have a higher probability of being occupied 

than the states with higher energy. The 𝑒−𝜀𝑖 𝑘𝐵𝑇⁄  in equation (10) is known as the Boltzmann factor of 

each state 𝑖. The ratio of the Boltzmann distributions for any two states of a given system corresponds 

to a Boltzmann factor that depends on the energy difference between the states. 

𝑃1
𝑃2
= 𝑒

−(𝜀1−𝜀2)
𝑘𝐵𝑇 =  𝑒−△𝜀 𝑘𝐵𝑇⁄                                                                                    (11) 

It should be noted that the term “probability distribution” is used in the context of discrete random 

variables, while the term “probability density” is used in the context of continuous random variables. A 

probability density is a mathematical function used to determine the probability of a random variable 

falling within a certain range of values, as opposed to taking on any one value. The probability density 

for an ensemble comprising 𝑁 particles, and is described by the partition function 𝑍 is given by: 

𝑃𝑖(�⃗�
𝑁, �⃗�𝑁) =

1

𝑍
exp[−ℋ(�⃗�𝑁, �⃗�𝑁) 𝑘𝐵𝑇⁄ ]     or     𝑃𝑖 =

1

𝑍
𝑒−𝜀𝑖 𝑘𝐵𝑇⁄                    (12) 

3. Simulation Methods 

Once the partition function (e.g., 𝑍𝑁𝑉𝑇 for the canonical ensemble) of a system is known, it is possible 

to compute all ensemble averages. This approach works quite well for several systems, but fails for 

systems with interactions (e.g., a system of atoms in which the atoms interact with one another), where 

it is usually impossible to compute or approximate the partition function. In these cases, other methods 

such as molecular simulation techniques are used to compute ensemble averages.  

There are two major molecular simulation methods for generating ensembles and computing ensemble 

averages, namely: Monte Carlo (MC) and Molecular Dynamics (MD). 
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3.1 Monte Carlo (MC) Simulation 

Here, the basic principles of the Monte Carlo methods will be discussed based only on the simulations 

of systems comprising a fixed number of particles (𝑁) in a given volume (𝑉), and at a particular 

temperature (𝑇) i.e., the canonical ensemble (NVT). 

Monte Carlo simulation is a stochastic sampling method that uses random numbers and probability to 

solve problems. Monte Carlo methods generally sample the configuration space, and are categorized as 

sampling methods because the inputs are randomly generated from probability distributions. Two types 

of sampling techniques used in MC simulations are: Random Sampling and Importance Sampling. 

3.1.1 Sampling Techniques used in Monte Carlo Simulations 

3.1.1.1 Random Sampling 

The partition function for an N-body system containing a large number of particles 𝑁  cannot be 

computed exactly because the total number of microstates is too large. For such a system, a possible 

way to compute ensemble averages such as 〈𝐴〉 for an observable property 𝐴 is to generate random 

microstates of the system using the Boltzmann factor as the statistical weight that signifies the 

“importance” of these randomly generated configurations. Suppose that 𝐾 random microstates of the 

system are generated, the ensemble average can be approximated using: 

〈𝐴〉 ≈
∑ 𝐴𝑖𝑒𝑥𝑝[−𝑈𝑖 𝑘𝐵𝑇⁄ ]𝐾
𝑖=1

∑ 𝑒𝑥𝑝[−𝑈𝑖 𝑘𝐵𝑇⁄ ]𝐾
𝑖=1

                                                                         (13) 

For a very large number of sampled microstates 𝐾, this expression will provide a good approximation 

to the ensemble average.  

However, the random sampling method has the weakness that the “importance regions” of the phase 

space are not explored, and most of the computation is carried out using microstates with negligible 

Boltzmann factors. 

3.1.1.2 Importance Sampling 

The importance sampling MC method was introduced in 1953 by Metropolis and co-workers. Here, the 

microstates of the system that are used for ensemble average calculations are not generated randomly. 

Rather, they are generated with a probability proportional to their Boltzmann factors, 𝑒𝑥𝑝[−𝑈𝑖 𝑘𝐵𝑇⁄ ]. 

This kind of sampling is called importance sampling, since only the microstates that have a favorable 

Boltzmann factor are generated; therefore, this scheme does not suffer from the problems of random 

sampling. In this particular case, the statistical weight of each microstate is already taken into account 

in the generation of the state hence, ensemble averages can be calculated as unweighted averages: 
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〈𝐴〉 ≈
∑ 𝐴𝑖
𝐾
𝑖=1

𝐾
                                                                                   (14) 

Note that for equation (14) to be used, we should be able to generate the microscopic states of a given 

system with a probability proportional to 𝑒𝑥𝑝[−𝑈𝑖 𝑘𝐵𝑇⁄ ]. To achieve this, MC simulations probe the 

configuration space by trial moves of particles, using the Metropolis criterion to ensure Boltzmann 

sampling of the phase space. 

3.1.2 The Metropolis Algorithm 

Within the Metropolis algorithm, the energy change of a system due to a trial move is used to either 

accept or reject the new configuration obtained. Paths towards lower energy are always accepted, 

whereas those towards higher energy are only accepted with a probability governed by the Boltzmann 

statistics computed from equation (11). The Metropolis algorithm comprises the following steps: 

1) Select an arbitrary microstate or configuration denoted 𝑜 (old) of the system and calculate its 

energy 𝑈(𝑜) (which is essentially the potential energy since the configuration space is sampled). 

2) Generate a new microstate 𝑛 (new) via a random perturbation (e.g., a random displacement) to 

one or more atoms. The generation of a new microstate of the system is often called a trial move. 

3) Calculate the energy 𝑈(𝑛) of the new system state, and then compute ∆𝑈 = 𝑈(𝑛) − 𝑈(𝑜). 

4) If the move decreases the potential energy of the system i.e., ∆𝑈 < 0, the new microstate is 

accepted as the starting point for the next perturbing step. Trial moves that increase the potential 

energy i.e., ∆𝑈 > 0 are only accepted with a probability determined by the Boltzmann factor 

𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ], which is compared with a random number (ranf) generated between 0 and 1. If 

ranf is less than 𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ] (or 𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ] is larger than ranf) the new geometry is 

accepted, otherwise the next step is taken from the old microstate. 

𝑃 = {

1                                     𝑖𝑓 ∆𝑈 < 0;    The trial move is accepted                                                   
 

{
 

𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ]       𝑖𝑓  ∆𝑈 > 0;   generate a random number (ranf ) between 0 and 1   

  

{
ranf ≤ 𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ]    𝐴𝑐𝑐𝑒𝑝𝑡 𝑡ℎ𝑒 𝑚𝑜𝑣𝑒

 
ranf > 𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ]    𝑅𝑒𝑗𝑒𝑐𝑡 𝑡ℎ𝑒 𝑚𝑜𝑣𝑒

  

5) Update ensemble averages using equation (14). 

Basically, the Metropolis Monte Carlo algorithm ensures that the microstates of a system with very 

low Boltzmann factors are not visited frequently.  
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The main variation of Metropolis Monte Carlo methods is how the perturbing step is done. For a 

system composed of spherical particles (atoms), the only variables are the centre of mass of each 

particle, and the trial moves are simple translations of particles. For rigid non-spherical particles, the 

three rotational degrees of freedom must also be sampled, while for flexible molecules, it is usually 

also of interest to sample the internal degrees of freedom (conformations, vibrations). 

3.1.3 The Detailed Balance Condition for Metropolis Monte Carlo Methods 

The Metropolis scheme determines the transition probability 𝛼(𝑜 → 𝑛) from configuration 𝑜 to 𝑛 of a 

system. A key point in all Metropolis Monte Carlo methods is to ensure that the chain of accepted 

configurations should arise from a symmetric probability decision. Symmetric in this context means 

that each step is reversible, i.e., the probability of undoing a step by the next move is equal to the 

probability of generating the step, usually called the detailed balance condition. This means that in 

equilibrium, the average number of accepted moves that result in the system moving from state 𝑜 to 

state 𝑛 must be exactly equal to the average number of moves from state 𝑛 to state 𝑜. If the detailed 

balance condition is not fulfilled, the properties derived from the resulting ensemble can (but do not 

necessarily) display systematic errors. 

3.1.4 Derivation of the Metropolis Monte Carlo Algorithm 

The average number of moves from 𝑜 to 𝑛 denoted by 𝜋(𝑜 → 𝑛) can be given by: 

𝜋(𝑜 → 𝑛) = 𝑒𝑥𝑝[−𝑈(𝑜) 𝑘𝐵𝑇⁄ ] × 𝛼(𝑜 → 𝑛) × acc(𝑜 → 𝑛)                                             (15) 

where 𝑒𝑥𝑝[−𝑈(𝑜) 𝑘𝐵𝑇⁄ ] is proportional to the probability to be in configuration 𝑜, 𝛼(𝑜 → 𝑛) is the 

probability to select a move in which configuration 𝑜 changes into 𝑛 and 𝑎𝑐𝑐(𝑜 → 𝑛) is the probability 

that this move is actually accepted. Similarly, the average number of moves from 𝑛 to 𝑜 denoted by 

𝜋(𝑛 → 𝑜) can be given by: 

𝜋(𝑛 → 𝑜) = 𝑒𝑥𝑝[−𝑈(𝑛) 𝑘𝐵𝑇⁄ ] × 𝛼(𝑛 → 𝑜) × acc(𝑛 → 𝑜)                                           (16) 

The detailed balance requires that: 𝜋(𝑜 → 𝑛) = 𝜋(𝑛 → 𝑜). In the Metropolis scheme, 𝛼 is often chosen 

to be symmetric, such that: 𝛼(𝑜 → 𝑛) = 𝛼(𝑛 → 𝑜). Hence: 

acc(𝑜 → 𝑛)

acc(𝑛 → 𝑜)
= 𝑒𝑥𝑝[−(𝑈(𝑛) − 𝑈(𝑜)) 𝑘𝐵𝑇⁄ ] = 𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ]                                    (17) 

where ∆𝑈 = 𝑈(𝑛) − 𝑈(𝑜). Many choices for acc(𝑜 → 𝑛) satisfy the detailed balance condition, but a 

commonly used choice is that of Metropolis. 
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acc(𝑜 → 𝑛) = {

1                                       𝑖𝑓 ∆𝑈 < 0   or  𝑈(𝑛) < 𝑈(𝑜)
 

{
 

𝑒𝑥𝑝[−∆𝑈 𝑘𝐵𝑇⁄ ]         𝑖𝑓 ∆𝑈 > 0   or   𝑈(𝑛) > 𝑈(𝑜) 

  

More explicitly, to decide whether a trial move will be accepted or rejected we generate a random 

number ranf from a uniform distribution in the interval between 0 and 1. If ranf < acc(𝑜 → 𝑛), we 

accept the trial move, and we reject it otherwise. 

3.2 Molecular Dynamics (MD) Simulation 

Molecular dynamics simulation is based on Newton’s second law of motion, since the nuclei in a 

molecule are heavy enough that they (to a good approximation) behave as classical particles. The 

dynamics of the nuclei can thus be simulated by solving the Newton’s second equation of motion: 

�⃗�𝑖 = 𝑚𝑖�⃗�𝑖                                                                                                        (18) 

where �⃗�𝑖  is the force exerted on particle 𝑖, 𝑚𝑖  is the mass of particle 𝑖 and �⃗�𝑖  is the acceleration of 

particle 𝑖. From knowledge of the force on each particle (defined by molecular mechanics force fields), 

it is possible to determine the acceleration of each particle in the system. Integration of the equations of 

motion yields a trajectory that describes the positions, velocities and accelerations of the particles in a 

system as they vary with time. From this trajectory, the average values of observable properties can be 

determined.  

Molecular dynamics (MD) simulation can be defined as a technique by which one generates 

the atomic trajectories of a system of 𝑁 particles by numerical integration of the Newton’s 

equation of motion, for a specific interatomic potential, with certain initial conditions and 

boundary conditions. 

The MD method is deterministic; once the positions and velocities of each particle are known, the state 

of the system can be predicted at any time in the future or the past. In contrast to MC simulations 

which sample only the configuration space, MD simulations probe the whole phase space, which gives 

additional information about the dynamics of the system. Consequently, MD simulations can be more 

time consuming and computationally expensive than MC simulations. Furthermore, MC simulations 

only yield equilibrium ensemble averages, whereas MD simulations can provide not only equilibrium 

properties, but also the transport properties (viscosity, thermal conductivity, diffusion, reaction rate, 

protein folding time, structure and surface coating) of a classical many-body system. 

In MD simulations, the force �⃗�𝑖 exerted on particle 𝑖 can also be expressed as the negative gradient of 

the potential energy function: 
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�⃗�𝑖 = −∇𝑖𝑈(r⃗) =     −
𝑑𝑈(r⃗)

𝑑r⃗𝑖
                                                                                    (19) 

Here, 𝑈(r⃗) is the potential energy at position r⃗. Expressing equation (18) in differential form and then 

combining with equation (19) yields: 

−
𝑑𝑈(r⃗)

𝑑r⃗𝑖
= 𝑚𝑖

𝑑2r⃗𝑖
𝑑𝑡2

= 𝑚𝑖

𝑑�⃗�𝑖
𝑑𝑡
                                                                                (20) 

where �⃗�𝑖 is the velocity of particle 𝑖, which corresponds to the first derivative of the position r⃗𝑖 of the 

particle with respect to time 𝑡:  

�⃗�𝑖 =
𝑑r⃗𝑖
𝑑𝑡
                                                                                                                   (21) 

Hence, the Newton’s equation of motion can relate the derivative of the potential energy to the changes 

in position r⃗ as a function of time 𝑡. 

From equation (20), the acceleration �⃗�𝑖 (=
𝑑2 r⃗⃗𝑖

𝑑𝑡2
) can be expressed in terms of the first derivative of the 

potential energy 𝑈(r⃗) with respect to the position r⃗: 

�⃗�𝑖 = −
1

𝑚𝑖

𝑑𝑈

𝑑r⃗𝑖
= 

�⃗�𝑖
𝑚𝑖
                                                                                                      (22) 

Therefore, to calculate a trajectory, one only needs the initial positions, the acceleration (which is 

determined by the gradient of the potential energy function) and an initial distribution of the velocities 

of the particles of a system. The equations of motion are deterministic; hence the positions and the 

velocities at time zero determine the positions and velocities at all other times 𝑡.  

The initial positions r⃗ can be obtained from experimental structures, such as the X-ray crystal structure 

or the structure determined by NMR spectroscopy. The initial velocities �⃗�𝑖 are often chosen randomly 

from a Maxwell-Boltzmann distribution at a given temperature. The Maxwell-Boltzmann distribution 

gives the probability 𝑃(�⃗�𝑖𝑥) that a particle 𝑖 has a velocity �⃗�𝑥 in the 𝑥 direction at a temperature 𝑇. 

𝑃(�⃗�𝑖𝑥) = (
𝑚𝑖

2𝜋𝑘𝐵𝑇
)
1 2⁄

𝑒𝑥𝑝 [−
1

2

𝑚𝑖�⃗�𝑖𝑥
2

𝑘𝐵𝑇
]                                                                   (23) 

The temperature can be calculated from the velocities using the relation: 

𝑇 =
1

(3𝑁 − 3)
∑

𝑚𝑖𝑣𝑖
2

𝑘𝐵

𝑁

𝑖=1

                                                                                              (24) 

where 3𝑁 − 3 is the degrees of freedom of the system, 𝑁 being the number of particles. 
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3.2.1 The Basic Steps Necessary to Perform a Molecular Dynamics Simulation 

A Molecular Dynamics simulation is performed as follows: 

1) Read in the parameters that specify the conditions of the simulation, such as the number of 

particles, the initial temperature, the density, time step, etc. 

2) Start with a configuration i.e., select initial positions and velocities for all particles at time 𝑡 = 0. 

3) Calculate the forces on all particles using an appropriate molecular mechanics force field. 

4) Update the time by a time step ∆𝑡 i.e., 𝑡 = 𝑡 + ∆𝑡 

5) Integrate the Newton’s equations of motion to obtain the new positions and velocities: 

𝑑𝑣𝑖
𝑑𝑡

 =
�⃗�𝑖
𝑚𝑖
          and         

𝑑r⃗𝑖
𝑑𝑡

= �⃗�𝑖 

The steps 3 to 5 make up the core of the MD simulation. They are repeated until the time 

evolution for the desired length of time is computed. 

6) After completing the central loop (steps 3 to 5), compute and print the various quantities by 

averaging. 

3.2.2 Algorithms for Integrating the Equations of Motion 

For a system of 𝑁 particles, there are 3𝑁 position coordinates and 3𝑁 velocity coordinates and thus, 

analytical (algebraic) integration of the Newton’s equations of motion solutions is impossible. Hence, 

the integrals must be solved numerically. Numerous numerical algorithms have been developed for 

integrating the equations of motion, which include: the Verlet algorithm, the Leap-frog algorithm, the 

Velocity Verlet algorithm and the Beeman’s algorithm. In choosing the algorithm to use, the following 

criteria should be considered: 

➢ The algorithm should conserve energy and momentum. 

➢ It should be computationally efficient. 

➢ It should permit a long time step for integration. 

Generally, all of the integration algorithms assume that the positions, velocities and accelerations of 

the particles in a system can be approximated by a Taylor series expansion (equation (25)), which 

approximates a function at point 𝑥 using the values and derivatives of that function at another point 𝑎. 

𝑓(𝑥) = 𝑓(𝑎) +
𝑑𝑓(𝑎)

𝑑𝑡
(𝑥 − 𝑎) +

1

2!

𝑑2𝑓(𝑎)

𝑑𝑡2
(𝑥 − 𝑎)2 +

1

3!

𝑑3𝑓(𝑎)

𝑑𝑡3
(𝑥 − 𝑎)3 +⋯                 (25) 

3.2.2.1 The Verlet Algorithm 

The Verlet algorithm approximates the positions of the particles in a system at time 𝑡 + ∆𝑡 (one time 

step ∆𝑡 in the future) from the current time 𝑡 using the Taylor series expansion. 
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To derive the Verlet algorithm, consider a set of particles with positions r⃗𝑖, and using the Taylor series 

expansion, an equation for the positions of the particles a small time step ∆𝑡 later can be approximated:  

r⃗𝑖(𝑡 + ∆𝑡) ≈ r⃗𝑖(𝑡) +
𝑑r⃗𝑖(𝑡)

𝑑𝑡
(𝑡 + ∆𝑡 − 𝑡) +

1

2

𝑑2r⃗𝑖(𝑡)

𝑑𝑡2
(𝑡 + ∆𝑡 − 𝑡)2                 (26) 

r⃗𝑖(𝑡 + ∆𝑡) ≈ r⃗𝑖(𝑡) +
𝑑r⃗𝑖(𝑡)

𝑑𝑡
∆𝑡 +

1

2

𝑑2r⃗𝑖(𝑡)

𝑑𝑡2
∆𝑡2                                                      (27) 

But the first and second derivatives of the positions r⃗𝑖 correspond to velocity �⃗�𝑖(𝑡) and acceleration 

�⃗�𝑖(𝑡) respectively, and acceleration is related to force through Newton’s second law i.e., 
𝑑r⃗⃗𝑖(𝑡)

𝑑𝑡
= �⃗�𝑖(𝑡) 

and  
𝑑2 r⃗⃗𝑖(𝑡)

𝑑𝑡2
= �⃗�𝑖(𝑡) =

�⃗�𝑖(𝑡)

𝑚𝑖
, hence: 

r⃗𝑖(𝑡 + ∆𝑡) ≈ r⃗𝑖(𝑡) + �⃗�𝑖(𝑡)∆𝑡 +
1

2

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡2                                                        (28) 

The positions of the particles one time step ∆𝑡 earlier are derived from equation (28) by substituting 

∆𝑡 with −∆𝑡. 

r⃗𝑖(𝑡 − ∆𝑡) ≈ r⃗𝑖(𝑡) − �⃗�𝑖(𝑡)∆𝑡 +
1

2

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡2                                                         (29) 

By summing equations (28) and (29), one obtains the Verlet algorithm: 

r⃗𝑖(𝑡 + ∆𝑡) = 2r⃗𝑖(𝑡) − r⃗𝑖(𝑡 − ∆𝑡) +
�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡2                                                     (30) 

which uses the current positions and accelerations at the time 𝑡, and the positions at a previous time 

𝑡 − ∆𝑡 to predict the positions at a later time 𝑡 + ∆𝑡, where ∆𝑡 is the time step. The error in the atomic 

positions is of the order of  ∆𝑡4. At each time step, the acceleration is be evaluated, which allows the 

atomic positions to be propagated in time and thus generate a trajectory. As the time step size ∆𝑡 is 

decreased, the trajectory becomes a better and better approximation to the “true” trajectory. A smaller 

time step, however, means that more steps are necessary for propagating the system for a given total 

time, i.e., the computational effort increases inversely with the size of the time step. 

The advantages of the Verlet algorithm are: 

❖ It is fast and straightforward. 

❖ The storage requirements are modest; hence, it requires as little memory as possible. 

❖ Like most molecular dynamics algorithms, the Verlet algorithm is time reversible. This means 

that by running the trajectory forward and then backward by the same number of steps, we get 

Contact Camertutos 682734373 (Whatsapp) 

Camertutos.com

Camertutos.com   votre meilleur site éducatif

camertutos.com


Page | 17  
 

back to the starting point by the same sequence of steps. As such, two MD simulations with the 

same initial conditions and time steps will follow exactly the same trajectories. 

The disadvantages of the Verlet algorithm are: 

❖ The algorithm is of moderate precision and is not particularly accurate for long time steps. 

❖ The algorithm uses no explicit velocities, which is a problem in connection with generating 

ensembles with constant temperature. The velocities are obtained from the basic definition of 

differentiation, with an error of the order of ∆𝑡2: 

�⃗�𝑖(𝑡) =
r⃗𝑖(𝑡 + ∆𝑡) − r⃗𝑖(𝑡 − ∆𝑡)

2∆𝑡
                                                                 (31) 

3.2.2.2 The Leap-Frog Algorithm 

The lack of explicit velocities in the Verlet algorithm can be remedied by the leap-frog algorithm. To 

obtain more accurate velocities, the leapfrog algorithm is employed, using velocities at half time step. 

r⃗𝑖(𝑡 + ∆𝑡) = r⃗𝑖(𝑡) + �⃗�𝑖 (𝑡 +
1

2
∆𝑡) ∆𝑡                                                        (32) 

�⃗�𝑖 (𝑡 +
1

2
∆𝑡) = �⃗�𝑖 (𝑡 −

1

2
∆𝑡) +

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡                                                  (33) 

The velocities at time 𝑡 can however, be approximated by the relationship: 

�⃗�𝑖(𝑡) =
r⃗𝑖(𝑡 + ∆𝑡) − r⃗𝑖(𝑡 − ∆𝑡)

2∆𝑡
                                                                  (34) 

In leap-frog algorithm, the velocities of particles are first calculated at time 𝑡 +
1

2
∆𝑡; these are used to 

calculate the positions r⃗𝑖 at time 𝑡 + ∆𝑡. In this way, the velocities leap over the positions, then the 

positions leap over the velocities.  

The advantages of the leap-frog algorithm are: 

❖ The velocities of particles are explicitly calculated. 

❖ It is computationally less expensive and requires less storage, which is very important in the case 

of large scale calculations.  

❖ The conservation of energy is respected, even at large time steps.  

The main disadvantage of the leap-frog algorithm is that the velocities of particles are not calculated at 

the same time as the positions. 

3.2.2.3 The Velocity Verlet Algorithm 
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It is an alternative form of the Verlet algorithm that involves velocities. The velocity Verlet algorithm 

yields positions, velocities and accelerations at time 𝑡, with no compromise on precision.  

r⃗𝑖(𝑡 + ∆𝑡) = r⃗𝑖(𝑡) + �⃗�𝑖(𝑡)∆𝑡 +
1

2

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡2                                             (35) 

�⃗�𝑖(𝑡 + ∆𝑡) = �⃗�𝑖(𝑡) +
1

2
[
�⃗�𝑖(𝑡)

𝑚𝑖
+
�⃗�𝑖(𝑡 + ∆𝑡)

𝑚𝑖
] ∆𝑡                                      (36) 

3.2.2.4 The Beeman’s Algorithm 

This algorithm is closely related to the Verlet algorithm. However, the Beeman’s algorithm has the 

advantage that it provides a more accurate expression for the velocities and better energy conservation. 

The disadvantage is that the more complex expressions make the calculations more expensive. 

r⃗𝑖(𝑡 + ∆𝑡) = r⃗𝑖(𝑡) + �⃗�𝑖(𝑡)∆𝑡 +
2

3

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡2 − 

1

6

�⃗�𝑖(𝑡 − ∆𝑡)

𝑚𝑖
∆𝑡2                                        (37) 

�⃗�𝑖(𝑡 + ∆𝑡) = �⃗�𝑖(𝑡) + �⃗�𝑖(𝑡)∆𝑡 +
1

3

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡 +

5

6

�⃗�𝑖(𝑡)

𝑚𝑖
∆𝑡 − 

1

6

�⃗�𝑖(𝑡 − ∆𝑡)

𝑚𝑖
∆𝑡                   (38) 

3.2.3 Choosing the Time Step 

The time step for most MD simulations is on the femtosecond (fs) i.e., 10−15 s scale, which is the scale 

of chemical bond vibrations. MD simulations are limited by the highest frequency vibration. For 

numerical stability and accuracy in conserving the energy of the system, one typically needs to pick a 

time step that is at least ten times lower that the highest frequency time scale. Furthermore, the 

following points should be considered when choosing the time step: 

❖ Unless necessary, computer time should not be spent by using too many small time steps. 

❖ Too large time steps can cause a molecular dynamics simulation to become unstable, as energy 

increases rapidly with time. 

3.2.4 Comparison of Molecular Dynamics Simulations with Real Experiments 

MD Simulations are in many ways similar to real experiments. 

3.2.4.1 Real Experiments 

The basic steps taken in real experiments include: 

➢ The samples of the materials to be investigated are prepared. 

➢ The samples are connected to measuring instruments such as the thermometer, manometer, etc. 

➢ The properties of interest are measured over a certain time interval. 

➢ The longer we average, the more accurate our measurements or results become. 
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3.2.4.2 Molecular Dynamics Simulations 

MD simulation is very similar to an experiment (numerical experiment). The basic steps include: 

➢ A sample is prepared:  a system consisting of 𝑁 particles of a given material is prepared and the 

Newton’s equations of motion are solved until the properties of the system no longer change with 

time (i.e., the system is equilibrated). 

➢ Once equilibrated, the observable system properties are computed. 

➢ The computed properties are averages over the N particles of the system and the measuring time. 

Remark 

To measure an observable quantity using MD simulation, it must be possible to express the quantity as 

a function of the positions and momenta of the particles in the system. For example, to compute the 

temperature of a system in MD simulation, the expression for the average kinetic energy per degree of 

freedom (Nf) from the equipartition theorem (equation (39)) is used to express the instantaneous 

temperature at any time 𝑡, 𝑇(𝑡) as a function of positions and momenta of the particles in the system. 

According to the equipartition theorem, each independent degree of freedom should possess  
1

2
𝑘𝐵𝑇 

kinetic energy, where 𝑘𝐵 is the Boltzmann constant. 

〈
1

2
𝑚𝑣2〉 =

1

2
𝑘𝐵𝑇                                                                                       (39) 

𝑇(𝑡) =∑
𝑚𝑖

Nf𝑘𝐵

𝑁

𝑖=1

𝑣𝑖
2                                                                                   (40) 

where Nf = 3𝑁 − 3. 

3.2.5 Molecular Dynamics versus Monte Carlo Simulations 

The differences between Monte Carlo and molecular dynamics simulation methods include:  

1) MC techniques perform an ensemble average, while MD simulations perform a time average. 

The ergodic hypothesis, however, assumes that the time average (the average obtained by 

following a small number of particles over a long time) is equivalent to the ensemble average 

(obtained by averaging over a large number of particles for a short time). 

2) Since MC simulations employ the temperature as the parameter for deciding the acceptance or 

rejection of trial moves, MC simulations are therefore naturally of the 𝑁𝑉𝑇 ensemble type. MD 

simulations, on the other hand, conserve energy and are therefore naturally of the 𝑁𝑉𝐸 ensemble 

type. Note, however, that other ensembles for both MC and MD can be generated. 

3) Atomic velocities are considered in MD simulations, but are not considered in MC simulations. 
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4) The basic information needed in MC simulations is energy, whereas the basic information 

required in MD simulations is the potential energy gradient or the forces on the particles. 

5) In MD simulations, all particles are moved in each step, but in MC simulations, only one particle 

is moved in each step. 

6) Any coordinate system can be used in MC simulations, whereas only the Cartesian coordinate 

system is used MD simulations. 

7) MC simulations only sample the configuration space, but MD techniques probe the entire phase 

space. 

8) Only equilibrium properties are computed by MC simulations, while MD simulations, on the 

other hand, can compute both equilibrium and time-dependent properties of a classical system. 

3.2.6 How to Set up and Run a Molecular Dynamics Simulation 

A. Initialization: 

❖ Initial positions: To begin a molecular dynamics simulation, an initial configuration of the 

system (a starting point at 𝑡 = 0) is chosen. Most often, in simulations of biomolecules, an X-ray 

crystal structure or an NMR structure is obtained from the Brookhaven Protein Databank and 

used as the initial structure. It is also possible to use a theoretical structure developed by 

molecular modeling. The choice of the initial configuration must be done carefully as this can 

influence the quality of the simulation. It is often good to choose a configuration close to the state 

that you wish to simulate. 

❖ Initial velocities: Initial velocities at a low temperature are assigned to each particle of the 

system and the Newton’s equations of motion are integrated to propagate the system in time. 

Periodically, new velocities obtained by rescaling the initial velocities by a factor √𝑇desired 𝑇(𝑡)⁄  

based on the relationship; 𝑇(𝑡) = ∑
𝑚𝑖

Nf𝑘𝐵

𝑁
𝑖=1 𝑣𝑖

2, are assigned at a slightly higher temperature and 

the simulation is allowed to continue. This is repeated until the final desired temperature 

(𝑇desired) is reached. 

B. Equilibration: 

Once the desired temperature is reached, the simulation is allowed to continue. During this phase, 

several properties are monitored; in particular, the structure, the pressure, the temperature, and the 

energy. The objective of the equilibration phase is to run the simulation until these properties become 

stable with respect to time. If the temperature increases or decreases significantly, the velocities can be 

scaled such that the temperature returns to its desired value. 
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C. Production phase 

The final step is to run the simulation in the “production” phase for the time length desired. It is during 

the production phase that thermodynamic parameters can be calculated, so the simulation must 

conform to one of the statistical ensembles. 

4. Models for Particle Interactions and Molecular Mechanical Force Fields 

4.1 Molecular Interactions  

MD simulation consists of the numerical solution of the classical equations of motion. Recall that the 

classical equations of motion may be written as shown in equations (19) and (20) i.e. 

𝑚𝑖

𝑑2r⃗𝑖
𝑑𝑡2

= �⃗�𝑖         and        �⃗�𝑖 = −
𝑑𝑈(r⃗)

𝑑r⃗𝑖
 

Therefore, we need to be able to calculate the forces �⃗�𝑖  acting on the atoms, and these are usually 

derived from a potential energy function 𝑈(r⃗), where r⃗ = (r1, r2, . . . rN) represents the complete set of 

3𝑁 atomic coordinates for an 𝑁-body system. In this section, attention is focused on an atomic level 

description of the potential energy function 𝑈(r⃗). 

Molecular interactions can be broadly classified as bonded and non-bonded (i.e., repulsion/dispersion 

and electrostatics) interactions. 

4.1.1 Bonded Interactions  

The bonded interactions in molecules include: bond stretches (1-2 interactions), bond angle bending 

(1-3 interactions), torsional rotations (1-4 interactions) and improper torsion. 

4.1.1.1 Bond Stretches (1-2 Interactions)  

Bond stretches or vibrations are the alterations of the bond length (r) between two neighboring atoms 

within a molecule. The potential energy associated with bond stretching (𝑈bond) can be described by a 

harmonic potential about the equilibrium bond length r0 as shown in Figure 4. This harmonic potential 

is a Hooke's law relationship, where Kr is the force constant. 

By considering a molecule of ethene (shown in Figure 5) as an example, there exist a total of five 1-2 

interactions, comprising four C-H and one C=C bond vibrations. 

 

𝑼𝐛𝐨𝐧𝐝 =
𝟏

𝟐
𝐊𝐫(𝐫 − 𝐫𝟎)

𝟐  
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Figure 4: The representation of the potential energy of bond stretches or vibrations 

 

Figure 5: In ethene, there are four C-H and one C=C bond vibrations 

4.1.1.2 Bond Angle Bending (1-3 Interactions)  

These are interactions between two atoms that are separated by two chemical bonds, and are brought 

about by the alteration of the bond angle i.e., the angle between the two bonds (𝜃). A 1-3 interaction 

can be described using a harmonic potential about the equilibrium bond angle 𝜃0 as shown in Figure 6, 

which is also a Hooke's law relationship, where K𝜃 is the force constant. 

 

Figure 6: The representation of the potential energy of bond angle bending 

4.1.1.3 Torsional Rotations (1-4 Interactions)  

Torsional rotations (also described as dihedral interactions) only occur in molecules comprising 4 or 

more atoms. These are interactions between two atoms separated by three chemical bonds, arising from 

free rotation about the central bond. These rotations usually generate different conformations of a 

molecule. Mathematically, torsional rotations can be represented using the equation shown in Figure 

7, where K𝜙 is the rotational barrier of the system, 𝑛 is the periodicity as the rotations repeat around 

360 degrees, 𝜙 is the dihedral angle, and 𝛿 is the offset of the function (for the most common cases, 𝛿 

= 0° or 180°). The 𝑛 = 1 term describes a rotation that is periodic by 360°, the 𝑛 = 2 term is periodic by 

180°, the 𝑛 = 3 term is periodic by 120°, and so on. 

𝑼𝐚𝐧𝐠𝐥𝐞 =
𝟏

𝟐
𝐊𝜽(𝜽 − 𝜽𝟎)

𝟐  
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Figure 7: The representation of the potential energy of torsional rotations 

4.1.1.4 Improper Torsion  

An improper torsion or improper dihedral interaction is a special type of torsional rotation that 

determines the planarity of a four-atom system ABCD, where B is the central atom, as illustrated in 

Figure 8. The “improper” torsional angle 𝜓 is the angle between the planes defined by the atoms ABC 

and BCD. The “improper” torsional potential energy (also known as the out-of-plane energy) can be 

described by a harmonic potential as shown in Figure 8. 

 
Figure 8: The representation of the potential energy of improper torsion 

4.1.2 Non-Bonded Interactions  

These are interactions between two neutral or two charged atoms that are not directly bonded. The 

non-bonded interactions between neutral particles are typically van der Waals interactions (Pauli/steric 

repulsion and London dispersion), while those between charged particles are electrostatic in nature. 

The most time consuming part of a molecular dynamics simulation is the calculation of the non-

bonded terms in the potential energy function. The van der Waals and electrostatic interactions are 

respectively calculated using pair potential (Hard-sphere, Soft-sphere, Lennard-Jones, Morse, etc.) and 

Coulombic potential energy functions. Out of the pair potentials listed above, the Lennard-Jones 

potential is highly suitable for molecular dynamics simulations due to its simplicity and accuracy. 

𝑼𝐝𝐢𝐡𝐞𝐝𝐫𝐚𝐥 =
𝟏

𝟐
𝐊𝝓[𝟏 + 𝐜𝐨𝐬(𝒏𝝓 − 𝜹)]  

𝑈improper =
1

2
K𝜓(𝜓 − 𝜓0)

2  
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4.1.2.1 Lennard-Jones Potential 

The Lennard-Jones (LJ) potential is an approximate function which describes the potential energy of 

interaction between two atoms as a function of the distance between their centers. The LJ potential 

describes the short-range repulsive forces (Pauli repulsion) and long-range attractive forces (London 

dispersion attraction) between the two atoms.  

𝑈LJ(r) = 4휀 [(
𝜎

r
)
12

− (
𝜎

r
)
6

] = 휀 [(
𝑅min
r
)
12

− 2(
𝑅min
r
)
6

]                                    (41) 

where r is the interatomic separation between the atoms, 휀 is the potential well-depth (the minimum 

potential observed), 𝜎 is the interatomic separation at which the inter-particle potential equals zero, and 

𝑅min is the interatomic separation at which the potential reaches its minimum, −휀. While 𝜎 represents 

the size of the atoms (for identical atoms, it is effectively the diameter of one of the atoms), 휀 is a 

measure of the strength of attraction between the atoms. Different atom/molecule types (see examples 

in the table below) would have different values for the Lennard-Jones parameters (𝜎 and 휀). 

 

𝑅min can be taken as the van der Waals minimum distance between the two atoms, which corresponds 

to the equilibrium positions of the two atoms. The following relationship exists between 𝜎 and 𝑅min is: 

𝑅min = 2
1 6⁄ 𝜎 ≈ 1.12𝜎                                                                                                   (42) 

For two different atoms 𝑖 and 𝑗, there are two parameters to be determined: the van der Waals radii 

(𝑅min,𝒊 and 𝑅min,𝒋) and atomic softness constants (휀𝑖 and 휀𝑗). To obtain diatomic parameters, the van 

der Waals minimum distance (𝑅min) is taken as the sum of two van der Waals radii, and the interaction 

parameter (휀) is taken as the geometrical mean of the atomic softness constants. 

𝑅min = 𝑅min,𝒊 + 𝑅min,𝒋           and           휀 = √휀𝑖휀𝑗                                                        (43) 

The LJ potential (𝑈LJ) approaches zero at large interatomic distances, has a minimum (휀) that is 

slightly negative at a distance corresponding to the two atoms just “touching” each other, and becomes 

very repulsive (highly positive) at short distances, as shown in Figure 9.  
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The first half of the LJ potential describes the Pauli or steric repulsion that occurs when the two atoms 

(closed shell) come into close proximity with each other, and their electron density distributions 

overlap. This causes a high inter-electron repulsion between the atoms. The Pauli repulsion has a r−12 

dependence i.e., Pauli repulsion ∝ 
1

r12
. This high exponent means that the energy of repulsion drops off 

extremely fast as the atoms separate from each other. 

At a separation slightly greater than 𝜎 (1.12𝜎), the potential energy is at a minimum. This is where the 

atom pair is stable, and will tend to remain in this position until some external influence disturbs them. 

 

Figure 9: The Lennard-Jones 12-6 potential. 

The Second half of the LJ potential is known as London dispersion or induced dipole-dipole 

interaction. Even if a molecule (or part of a molecule) has no permanent dipole moment, the motion of 

the electrons will create a slightly uneven distribution at a given time, inducing a dipole moment. This 

induced dipole moment in turn induces a charge polarization in the neighboring molecule (or another 

part of the same molecule), creating a weak attractive force known as London dispersion. The London 

dispersion has a −r−6 dependence i.e., London dispersion ∝ −
1

r6
. Hence, like Pauli repulsion, London 

dispersion decays as the atoms move further apart. Figure 10 shows how the Pauli repulsion and 

London dispersion contribute to the Lennard-Jones 12-6 pair wise potential. 
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Figure 10: Lennard-Jones potential showing the r−12 and r−6 contributions. 

4.1.2.2 Electrostatic Interactions 

These are interactions between point charges in a molecule. The point charges are created by internal 

(re)distribution of electrons that lead to positive and negative parts of the molecule. If the charges have 

the same sign (e.g., two positive ions), the interaction is repulsive. On the other hand, if the charges 

have opposite sign, the interaction is attractive. The Coulombic charge-charge interaction energy is 

given by: 

𝑈elec =
𝑞𝑖𝑞𝑗

4𝜋휀0𝜖

1

r𝑖𝑗
                                                                                                     (44) 

where, 휀0 is the vacuum permittivity, 𝜖 is the dielectric constant (1 for vacuum, 4–20 for protein core, 

80 for water, etc.), r𝑖𝑗 is the distance between two particles 𝑖 and 𝑗, and 𝑞 is the charge carried by each 

particle. The Coulombic energy decreases as r𝑖𝑗 increases i.e., 𝑈elec ∝  
1

r𝑖𝑗
. 

In a typical biological system involving ions, water, proteins, nucleic acids or lipids, the electrostatic 

interactions often play an important role in determining the stabilities and the microscopic structure 

and dynamics of the macromolecules. 

4.2 Idealized Pair Potentials  

Although the LJ potential is the most popular model for interatomic pair potentials, the Hard-sphere, 

Square-well, Soft-sphere and Morse potentials are also used in some cases. 
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4.2.1 Hard-Sphere Potential  

The hard-sphere potential model describes atoms as impenetrable “billiard” balls of diameter 𝜎, with 

no cohesive interactions among them. The interaction between two hard-spheres (labeled 𝑖 and 𝑗) can 

be described by means of a discontinuous potential of the form:  

𝑈(r𝑖𝑗) = {

∞     if  r𝑖𝑗 ≤ 𝜎 
 

0     if  r𝑖𝑗 > 𝜎
                                                                          (45) 

where r𝑖𝑗 is the interatomic distance. Here, when r𝑖𝑗 is greater than 𝜎, no force acts on the particles, 

and as soon as r𝑖𝑗 = 𝜎, an infinitely large force arises to push the particles in opposite directions to 

avoid overlap. This potential is depicted in Figure 11. 

 

Figure 11: The Hard-sphere potential. 

4.2.2 Square-Well Potential  

In 1957, Alder and Wainwright added a square-well to the hard-sphere potential as depicted in Figure 

12, and as shown by equation (46): 

𝑈(r𝑖𝑗) = {

∞      if  r𝑖𝑗 < 𝜎             

−휀      if 𝜎 ≤  r𝑖𝑗 < γ𝜎    

0        if  r𝑖𝑗 ≥ γ𝜎            

                                                         (46) 

where γ is the width of the well (typically γ ≈ 1.5). 
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Figure 12: The Hard-sphere potential. 

The interaction energy between two hard-spheres (𝑖 and 𝑗) is zero beyond a cut-off distance γ𝜎, infinite 

below 𝜎 and equal to the well-depth −휀 between 𝜎 and γ𝜎. 

4.2.3 Soft-Sphere Potential  

This potential model describes atoms as spheres whose charge clouds can penetrate each other if the 

collision energy is high enough. The interaction between two soft-spheres (𝑖 and 𝑗) can be described by 

an intermolecular potential 𝑈(r𝑖𝑗) that continuously decays with increasing interatomic distance, r𝑖𝑗, as 

depicted in Figure 13. 

𝑈(r𝑖𝑗) = 휀 (
𝜎

r𝑖𝑗
)

𝑛

                                                                                       (47) 

where the exponent 𝑛 determines the steepness of the potential; typically 𝑛 = 12. As 𝑛 gets larger, the 

potential approaches the hard sphere potential, i.e., the spheres get “harder”. 

 

Figure 13: The Soft-sphere potential. 

The slope of the potential is negative at all values of r𝑖𝑗, corresponding to a repulsive force. As r𝑖𝑗 gets 

smaller, the slope of the potential gets steeper, indicating a stronger force of repulsion. 
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4.2.4 Morse Potential  

It is similar to the Lennard-Jones potential, but is more of a “bonding-type” potential which is more 

suitable for cases when attractive interaction comes from the formation of a chemical bond. 

𝑈(r𝑖𝑗) = 휀[𝑒
−2𝛼(r𝑖𝑗−𝑅min) − 2𝑒−𝛼(r𝑖𝑗−𝑅min)]                                                                       (48) 

4.3 Molecular Mechanical Force Fields  

In molecular dynamic simulations, the force �⃗�𝑖 acting on every particle 𝑖 of a system located at position 

r⃗ is computed as the negative gradient of the entire potential energy function of the system at that 

position i.e., �⃗�𝑖 = −∇𝑖𝑈(r⃗). Hence, differentiating the LJ potential with respect to position r gives an 

expression for the force between two interacting particles. The force may be attractive or repulsive 

depending on the value of r, as shown in Figures 14.  

 
Figure 14: The Lennard-Jones potential and the associated force. 

The potential energy function for a system is the sum of the bonded (typically bond stretches, bond 

angle bending and torsional rotations) and non-bonded (mainly the repulsion/dispersion and 

electrostatics) interaction terms, as described in Figure 15, i.e., 𝑼𝐭𝐨𝐭𝐚𝐥 = 𝑼𝐛𝐨𝐧𝐝𝐞𝐝 + 𝑼𝐧𝐨𝐧−𝐛𝐨𝐧𝐝𝐞𝐝. 

 
Figure 15: Illustration of the fundamental force field potential energy terms. 
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The total potential energy function shown in equation (49) defines the so-called molecular mechanical 

force field. 

𝑼(𝐫) = ∑
𝟏

𝟐
𝐊𝐫(𝐫 − 𝐫𝟎)

𝟐

𝒃𝒐𝒏𝒅𝒔

+ ∑
𝟏

𝟐
𝐊𝜽(𝜽 − 𝜽𝟎)

𝟐

𝒂𝒏𝒈𝒍𝒆𝒔

+ ∑
𝟏

𝟐
𝐊𝝓[𝟏 + 𝐜𝐨𝐬(𝒏𝝓 − 𝜹)]

𝒅𝒊𝒉𝒆𝒅𝒓𝒂𝒍𝒔

+∑𝟒𝜺𝒊𝒋 [(
𝝈𝒊𝒋

𝐫𝒊𝒋
)

𝟏𝟐

− (
𝝈𝒊𝒋

𝐫𝒊𝒋
)

𝟔

]

𝒊>𝑗

+∑
𝒒𝒊𝒒𝒋

𝟒𝝅𝜺𝟎𝝐𝒓𝒊𝒋
𝒊>𝑗

                                                                                                                                   (49) 

A force field is a mathematical model (made up of a set of parameters and functional forms) that is 

used to calculate the potential energy of a system of atoms, as well as the force on every particle of the 

system, in molecular mechanics and molecular dynamics. 

Force fields can be used for the determination of:  

➢ Structures. 

➢ Conformational energies. 

➢ Rotational barriers. 

➢ Vibrational frequencies. 

➢ The force acting on every particle in MD simulations. 

4.3.1 Types of Force Fields 

Different types of force fields have been developed during the last ten years. Among them are: 

➢ MM2, MM3, MM4: Molecular Mechanic Force field for small molecules. 

➢ CHARMM: Chemistry at Harvard Macromolecular Mechanics. 

➢ AMBER: Assisted Model Building with Energy Refinement. 

➢ OPLS: Optimized Parameters for Liquid Simulation. 

➢ CFF: Consistent Force Field. 

➢ CVFF: Valence Consistent Force Field. 

➢ MMFF94: Merck Molecular Force Field 94. 

➢ UFF: Universal Force Field 

4.3.2 Force Field Parameterization 

The use of classical Newtonian mechanics to describe chemical systems in molecular simulation is 

indeed, a simplification of what actually goes on in the system. Therefore, molecular simulation is less 

accurate than electronic structure theory which uses quantum mechanics to describe the motion of a 

complex molecule by solving the wavefunctions of the various subatomic particles. To alleviate this 

problem, data derived from quantum-chemical calculations (and from experiments in physics) are used 

for the constants or parameters in classical equations, such as the molecular mechanical force field. 
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The assigning or fitting of numerical values obtained from either quantum-chemical calculations or 

experiments, or both to the various molecular mechanical force field parameters is known as force field 

parameterization. It should be noted that all-atom force fields provide parameters for every type of 

atom in a system, including hydrogen, while united-atom force fields treat the hydrogen and carbon 

atoms in each terminal methyl group and each methylene bridge as one interaction center. 

A typical force field parameter set includes values for the atomic mass, the van der Waals radius and 

partial charge for individual atoms, and equilibrium values of bond lengths, bond angles and dihedral 

angles for pairs, triplets and quadruplets of bonded atoms, and values corresponding to the effective 

spring constant for each potential. The different methods of determination of these numerical values 

are summarized below: 

Type of data Type of system Phase Type of properties Force field parameters 

Structural data 

(experimental) 

Small 

molecules 

Crystalline 

solid 

phase 

Molecular geometry: bond 

lengths and angles 
r0, 𝜃0, 𝜓0 

Spectroscopic data 

(experimental) 

Small 

molecules 
Gas phase 

Intra-molecular vibrations: 

force constants 
Kr, K𝜃, K𝜓 

Quantum-chemical 

calculations: energy 

profiles (theoretical) 

Small 

molecules 
Gas phase 

Torsional angle rotational 

profiles 
K𝜙, 𝑛, 𝛿 

Quantum-chemical 

calculations: electron 

densities (theoretical) 

Small 

molecules 
Gas phase Atom charges Charges 𝑞𝑖 (initial) 

Thermodynamic data 

(experimental) 

Molecules in 

solution, 

mixtures 

Condensed 

phase 

Heat of vaporisation, 

density, free energy of 

solvation 

van der Waals: 𝜎𝑖, 휀𝑖, 
charges 𝑞𝑖 (final) 

Dielectric data 

(experimental) 

Small 

molecules 

Condensed 

phase 
Dielectric permittivity Charges 𝑞𝑖 

Transport data 

(experimental) 

Small 

molecules 
Condensed 

phase 
Transport coefficients: 

diffusion, viscosity 

van der Waals: 𝜎𝑖, 휀𝑖, 
charges 𝑞𝑖 

4.3.3 Deficiencies of Force Fields 

The main deficiency originates from the fact that most force fields parameters use a fixed-charge 

model by which each atom is assigned one value of the atomic charge that is not affected by the local 

electrostatic environment. Consequently, most of the existing force fields do not account for electronic 

polarization of the environment, an effect that can significantly reduce the electrostatic interactions of 

partial atomic charges. However, this problem is being addressed by the development of polarizable 

force fields, or using a macroscopic dielectric constant. 
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5. Standard Simulation Techniques 

Some challenges encountered in molecular simulation include: the computation of bulk properties 

(since MC and MD simulations cannot be run with an infinite number of molecules), force calculation 

(especially for systems with significant non-bonded interactions), and the control of temperature and 

pressure. In fact, force calculation is the most time-consuming part of almost all MD simulations. To 

alleviate these challenges, some standard techniques are frequently used in molecular simulations, 

which include: cut-off methods for long-range interactions, the Verlet neighbor list, Periodic Boundary 

Conditions, Minimum Image Convention, Ewald summations, Fourier transformations, etc. 

5.1 Cut-off Methods for Long-Range Interactions 

It is normally assumed that the forces between atoms are pair forces i.e., they act exclusively between 

pairs of atoms. If there are N atoms in a system, there will be at most ½𝑁(𝑁–1) unique atom pairs, 

each with an associated force to compute. This is not easily achievable in MD simulations. To reduce 

the number of force pairs evaluated, the interactions between atoms at large distances from each other 

may be ignored without suffering too much loss of accuracy, since some interatomic forces (van der 

Waals, covalent interactions, etc.) decrease or decay strongly with the interatomic distance. The 

interactions to be considered are typically limited within a spherical region around each atom (as 

depicted in Figure 16) by means of a cut-off radius (r𝑐𝑢𝑡), where the force acting on the atoms has 

decayed sufficiently so that this cut-off of interactions may not significantly influence the properties of 

interest. 

 
Figure 16: Truncation of the interactions involving the central atom (black) by a cut-off radius (r𝑐𝑢𝑡). 

To reduce computational cost, several cut-off methods or schemes have been developed, including: 

5.1.1 Simple Truncation 

By this method, pair interactions beyond a certain predefined cut-off radius or distance are neglected. 

Simple truncation saves significant computational time, but introduces a discontinuity in both the force 
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�⃗�(r⃗) and potential energy function 𝑈(r⃗) near the cut-off zone and thus, an infinite force acts on an 

atom pair at r⃗ = r𝑐𝑢𝑡. Furthermore, energy conservation is violated, although the effect is small if the 

cut-off radius is well-chosen. From the foregoing defects, the simple truncation scheme is problematic 

for MD simulations. The Lennard-Jones 12-6 potential can be truncated as illustrated in Figure 17. 

The LJ potential decays so rapidly that for cut-off radii > 2.5𝝈 the error in energy is less than 10%. 

Commonly, r𝑐𝑢𝑡 = 2.5𝜎 at which the LJ potential is about 1/60th of its minimum value (−0.0163휀). 

 
Figure 17: Simple truncation of the Lennard-Jones 12-6 potential. 

The simple truncation method is generally not recommended as it can lead to unphysical behavior in 

the simulations of some effects (such as surface tension, 𝜋-stacking, etc.) where the contribution of far-

away atoms/molecules is important. Other methods such as shifting and switching are usually used 

alongside truncation to render both the potential and the force continuous at the cut-off distance. 

5.1.2 Truncation and Shifting 

To avoid a discontinuity in the potential energy at the potential cut-off, a constant term is subtracted 

from the potential at all values so that the energy at the cut-off distance becomes zero. 

 

Figure 18: Truncation and shifting of the Lennard-Jones 12-6 potential. 

 

𝑼𝐋𝐉,𝒕(𝐫) =

{
 
 

 
 𝟒𝜺 [(

𝝈

𝐫
)
𝟏𝟐

− (
𝝈

𝐫
)
𝟔

]    𝐢𝐟  𝐫 < 𝐫𝒄𝒖𝒕
 
 

                 𝟎                  𝐢𝐟  𝐫 ≥ 𝐫𝒄𝒖𝒕

 

 

𝑼𝐋𝐉,𝒕𝒔(𝐫) = {

𝑼𝐋𝐉(𝐫) − 𝑼𝐋𝐉(𝐫𝒄𝒖𝒕)    𝐢𝐟  𝐫 < 𝐫𝒄𝒖𝒕
 
 

                     𝟎                𝐢𝐟  𝐫 ≥ 𝐫𝒄𝒖𝒕
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Although this removes the infinite force at the cut-off distance (r𝑐𝑢𝑡), the gradient or force is still 

discontinuous at r𝑐𝑢𝑡, so the procedure can be extended by adding a linear term with respect to distance 

so that the force is also zero at this point. Practically, a shifting function made up of a constant and a 

linear term is added to the potential energy function such that it becomes continuous and also vanishes 

(goes to zero) at the cut-off distance, while at the same time the force becomes finite and goes 

smoothly to zero at the cut-off distance. It should be noted that the whole potential energy function is 

slightly altered in the entire range of r values by a shifting function, as demonstrated in Figure 18. 

𝑼𝐋𝐉,𝒕𝒔𝒇(𝐫) =

{
 
 

 
 𝑼𝐋𝐉(𝐫) − 𝑼𝐋𝐉(𝐫𝒄𝒖𝒕) −

𝒅𝑼

𝒅𝒓
(𝐫 − 𝐫𝒄𝒖𝒕)   𝐢𝐟  𝐫 < 𝐫𝒄𝒖𝒕

 
 

                                   𝟎                               𝐢𝐟  𝐫 ≥ 𝐫𝒄𝒖𝒕

 

The constant term does not affect the dynamics of the particles of a system, since it disappears when 

the potential is differentiated. The total energy of a system is not changed by a shift of the potential, 

but the calculated thermodynamic properties are slightly changed, because the shifted potential 

deviates slightly from the true potential. 

5.1.3 Truncation and Switching 

A switching or tapering function S(r) is used to obtain a smooth decay of the potential to zero between 

two relatively close cut-off values; a lower cut-off (r𝑡𝑎𝑝𝑒𝑟) and an upper cut-off (r𝑐𝑢𝑡). The switching 

function is activated at r𝑡𝑎𝑝𝑒𝑟 so that the potential is tapered until it vanishes at r𝑐𝑢𝑡. The switching 

function S(r) can be based on trigonometric functions, as well as it can be a polynomial. Usually, the 

first and second derivatives of S(r) vanish at r = r𝑡𝑎𝑝𝑒𝑟  and r = r𝑐𝑢𝑡 , which ensures that the force 

approaches zero smoothly at these cut-offs. One drawback of this method is that the equilibrium 

structures are affected. Note that the switching function only alters the potential energy function 

between the cut-off values r𝑡𝑎𝑝𝑒𝑟 and r𝑐𝑢𝑡, as shown in Figure 19. 

 

Figure 19: Truncation and switching of the Lennard-Jones 12-6 potential. 

 

𝑼𝐋𝐉,𝒕𝒔(𝐫) = 𝑼𝐋𝐉(𝐫)𝐒(𝐫) 
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5.2 The Verlet Neighbor List 

Cut-off methods alone do not save computational time, since they require that the separations between 

all atom pairs in a system should be calculated in order to identify the atoms that are close enough to 

calculate their interaction energy and force. An additional technique which significantly reduces 

computational time is based on the fact that atoms move only < 0.2 Å within a time step and thus, the 

local neighbors of a given atom remain the same for many time steps. On this basis, a list of the 

neighbors of each atom, called the Verlet neighbor list, is generated and the search for interaction pairs 

is focused within this list. The generation of the Verlet neighbor list consists of the following steps. 

➢ For each particle 𝑖, a list of all particles within the cut-off radius r𝑐𝑢𝑡 , together with all the 

particles that are at a radius r𝑣 slightly further away than the cutoff radius (see Figure 20) is 

generated. This list is called the Verlet neighbor list for a particle 𝑖, and a total of 𝑁 Verlet lists 

are created for an N-body system. The positions of particles at the time of the Verlet lists’ 

generation are saved. 

➢ At each conformational update, a check is made on whether the maximum displacement of any 

particle exceeds the thickness of the “skin region”, r𝑣 − r𝑐𝑢𝑡. If the maximum displacement of 

the particles is less than r𝑣 − r𝑐𝑢𝑡, only the particles in the current Verlet list are considered for 

the energy and force computations. The Verlet neighbor list is updated as soon as the maximum 

displacement of one of the particles exceeds r𝑣 − r𝑐𝑢𝑡 because the particles outside the neighbor 

sphere can go through the “skin region” and enter the cut-off sphere. Note that not only can the 

particles outside the neighbor sphere go in to the cut-off sphere; the particle 𝑖 itself can also move 

outward. 

 

Figure 20: Diagrammatic representation of the Verlet neighbor list. 

It is worth noting that the particles outside the cut-off distance r𝑐𝑢𝑡, but found in the “skin region” do 

not partake in the energy and force computations involving particle 𝑖. For the next few time steps, the 

Contact Camertutos 682734373 (Whatsapp) 

Camertutos.com

Camertutos.com   votre meilleur site éducatif

camertutos.com


Page | 36  
 

MD program only considers the particles appearing in the neighbor list for calculating the separations 

between atom pairs, and only selects those whose distances with particle 𝑖 are smaller or equal to the 

cut-off distance for potential energy and force computations. It is important to update the Verlet 

neighbor list soon enough to prevent the situation where particles coming from outside r𝑣 should be 

interacting with the central atom 𝑖, while according to the neighbor list they are not doing so. 

The thickness of the “skin region” (r𝑣 − r𝑐𝑢𝑡) depends on the system studied. For every system, the 

magnitude of r𝑣 should be appropriate. It should not be too large or too small. If it is too large, then at 

every time step, too many particles will still be considered for the calculation of the separations 

between atom pairs. If it is too small, then the updates of the neighbor list will be too frequent. In both 

of these situations, the neighbor list is not effective. 

5.3 Boundary Conditions 

An important feature of molecular dynamics simulation is a construct known as a boundary condition, 

which defines the interaction of particles in the MD simulation box with the surrounding material. The 

different types of boundary conditions are: 

5.3.1 Open or Free Boundary Conditions 

This is ideally suited for studying clusters and molecules surrounded by a vacuum. Here, the particles 

of an N-particle system interact among themselves, but are presumed to be so far away from 

everything else in the universe that no interactions with the outside occur. Free boundary condition can 

be also appropriate for ultrafast processes where the effect of boundaries is not important due to the 

short time-scale of the involved processes, e.g. fast ion/atom bombardment, etc. 

5.3.2 Rigid or Fixed Boundary Conditions 

Here, atoms at the boundaries are fixed. In most cases the rigid boundaries are unphysical and can 

introduce artifacts into the simulation results. Rigid boundaries are sometimes used in combination 

with other conditions (periodic boundary conditions, as discussed below). 

5.3.3 Periodic Boundary Conditions (PBC) 

PBC enables a simulation to be performed using a relatively small number of particles in such a way 

that the particles experience forces as if they were in the bulk fluid. It eliminates surfaces and makes a 

small system, composed of a few hundred particles, function as though it was part of a much larger 

system. There is thus continuity between the small sample of the system studied and the bulk system, 

which makes the results representative of the bulk material and not of an isolated minute system. PBC 

is therefore well suited for studying bulk liquids and solids, and is the most popular choice of boundary 

conditions. Figure 21 illustrates the concept of periodic boundary conditions.  
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Figure 21: An illustration of the concept of periodic boundary conditions. 

The shaded box represents the simulation box of the system under investigation, while the surrounding 

boxes are exact copies (or replicas) of this simulation box in every detail i.e., every particle in the 

simulation box has an exact duplicate or image in each of the surrounding boxes. Even the velocities 

(indicated by the arrows) are the same. The simulation box and the replicated boxes together form an 

infinite lattice or bulk material. 

Each particle in the simulation box interacts not only with other particles in the simulation box, but 

also with their images in the adjacent cells. In Figure 21, r𝑐𝑢𝑡 is the cut-off radius that is normally 

applied when calculating the force between two atoms. Clearly, an atom in the simulation box may 

interact with another atom in a neighboring cell (which is actually an image of one of the atoms in the 

simulation box) because it is within the cut-off radius. The equivalent atom in the simulation box is 

ignored because it is too far away.  

In the course of the simulation, if a particle leaves the basic simulation box, attention is switched to its 

periodic image that enters from the opposite side of the box. The number of particles in the simulation 

box thus remains constant. Because each box is an identical copy of all the others, all the image 

particles move together and need only be represented once inside a molecular dynamics code. 

Artifact of PBC can be determined by performing simulations using a variety of cell sizes and shape. 

The idea is to choose a cell that reflects the underlying geometry of the system (to minimize the 

number of simulated particles), and that which allows at the same time an efficient calculation of the 

images. Most simulations are carried out with simulation cells that have the shape of rectangular 

parallelepiped, but other shapes, such as truncated octahedral, hexagonal prism or rhombic 

dodecahedral cells (shown in Figure 22), are possible. 
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Figure 22: Fundamental simulation cells. 

Limitations of periodic boundary conditions include: 

➢ Some systems, such as liquid droplets or van der Waals clusters, inherently contain a boundary. 

➢ Periodic boundaries may cause difficulties when simulating inhomogeneous systems. 

➢ The characteristic size of any structural feature in the system of interest or the characteristic 

length-scale of any important effect should be smaller than the size of the computational cell. 

Closely allied to PBC is the idea of a minimum image, under which an atom only interacts with one 

equivalent image of any given atom in the periodic system. 

5.4 The Minimum Image Convention (MIC) 

In the implementation of PBC, the length of the simulation box (L) should be larger than 2r𝑐𝑢𝑡, where 

r𝑐𝑢𝑡 is the cut-off distance of the interaction potential. In other words, r𝑐𝑢𝑡 should be less than or equal 

to half the length of the simulation box i.e., r𝑐𝑢𝑡 ≤
L

2
. In this case each particle in the simulation box 

interacts with only one image (the nearest image) of any other particle, and does not interact with its 

own image. This condition is called the “minimum image convention”.  

The minimum image convention stipulates that a particle in a simulation box can interact only with the 

closest atom or image of any other particle that is inside the cut-off radius. Considering the particles in 

Figure 23, particle 𝛃  is beyond the range of interaction with particle 𝛂  ( r𝛼𝛽 > r𝑐𝑢𝑡 ), and the 

interaction potential energy and force are computed between 𝛂 and the image 𝛃′. 
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Figure 23: An illustration of the minimum image convention. 

Tutorial questions 

1) In Monte Carlo simulation, a new configuration of a system (𝒏) can be generated from an old 

configuration (𝒐) by a random perturbation of the system. Given that the transition probability of 

the trail move from 𝒐 to 𝒏 is denoted 𝛼(𝑜 → 𝑛) and the acceptance probability of the move is 

denoted acc(𝑜 → 𝑛): 

a) Describe the metropolis criteria for accepting or rejecting the trial move. 

b) State the detailed balance condition. 

c) Explain why 𝛼(𝑜 → 𝑛) = 𝛼(𝑛 → 𝑜). 

d) Show that the following acceptance rule also satisfies the condition for detailed balance. 

acc(𝑜 → 𝑛) =
exp[−𝑈(𝑛) 𝑘𝐵𝑇⁄ ]

exp[−𝑈(𝑛) 𝑘𝐵𝑇⁄ ] + exp[−𝑈(0) 𝑘𝐵𝑇⁄ ]
 

2) The Lennard-Jones potential is one of the five distinct interactions that contribute to the total 

energy computed using a standard force field.  

a) i) What is a force field? 

ii) What do you understand by “force field parameterization”? 

b) The Lennard-Jones potential between two atoms 𝑖 and 𝑗 is given by:  

𝑈LJ(r𝑖𝑗) = 4휀 [(
𝜎

r𝑖𝑗
)

12

− (
𝜎

r𝑖𝑗
)

6

] 

i) Explain why the two atoms repel each other at very small distances and attract each other at 

large distances. 
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ii) Prove that the force acting on these atoms is given by: 

�⃗�(r𝑖𝑗) =
24휀

r𝑖𝑗
[2 (

𝜎

r𝑖𝑗
)

12

− (
𝜎

r𝑖𝑗
)

6

] 

  iii) Show that for rmin = 21/6𝜎, the Lennard-Jones potential has a minimum value. 

c) Name the other four interactions that comprise a standard force field, giving a suitable formula 

in each case. 

3) To carry out molecular dynamics simulation of the canonical ensemble (NVT) a higher desired 

temperature 𝑇desired can be attained from a lower temperature 𝑇0 by scaling the velocity of all 𝑁 

atoms of an 𝑁-body system from 𝑣old to 𝑣new. Based on the equipartition theorem, the temperature 

𝑇(𝑡) of the system at any time 𝑡 is given by: 

𝑇(𝑡) =∑
𝑚𝑖

Nf𝑘𝐵

𝑁

𝑖=1

𝑣𝑖
2 

where 𝑣𝑖 and 𝑚𝑖 are the velocity and mass of particle 𝑖, 𝑘𝐵 is the Boltzmann constant and Nf is 

the number of degrees of freedom. 

a) Show that the old and new velocities can be related by: 𝑣new = 𝑣old × (
𝑇desired

𝑇0
)
1/2

 

b) Give four examples of integration algorithms that are commonly used in molecular dynamics 

simulations. 

c) Give four differences between molecular dynamics and Monte Carlo simulations. 

4) Consider that molecular dynamic simulation of a system of particles is carried out in a rectangular 

box of dimensions L × L × L, using periodic boundary conditions and the Verlet neighbor list. 

a) Explain the meaning of the underlined phrases. 

b) When periodic boundary conditions are used, the number of particles in the simulation box 

remains constant. Explain why. 

c) State the condition necessary: 

i)  for the minimum image convention to be satisfied in this simulation process. 

ii) to update the Verlet neighbor list. 
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